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We investigate the influence of the nanometer-scale variations in the radii and positions of air holes on the
optical characteristics for photonic crystal heterostructure nanocavities. The change in the quality factor, the
resonant wavelength, the near-field image, and the polarization property are examined using three-dimensional
finite difference time domain calculation with random fluctuation patterns. The variations with a standard
deviation as small as 1 nm have a clear effect on these optical characteristics, whose magnitudes are strongly
dependent on the fluctuation patterns. To prevent this deterioration, the accuracy of the 50 air holes nearest to
the nanocavity is the most important.
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I. INTRODUCTION

Nanocavities in two-dimensional �2D� photonic crystal
�PC� slabs have attracted much attention in various fields
because of their high-quality �Q� factors and small modal
volumes.1–4 Increasing the Q factor of nanocavities is impor-
tant for advancing the performance of various applications,
such as highly sensitive environmental sensors,5,6 ultrasmall
wavelength filters,7,8 compact optical-buffer memory,9,10 and
quantum-information processing.11,12 In 2003, we reported
an important design rule to increase the Q factor of nano-
cavities; the form of the cavity electric-field distribution
should slowly vary in order to suppress out-of-slab photon
leakage.1 In 2005, we proposed heterostructure nanocavities
which enabled the control of the cavity electric-field distri-
bution to an unprecedented extent, where the design Q factor
�Qideal� in calculation exceeded ten million.2 Shortly thereaf-
ter, we fabricated the nanocavities with Qideal of 15 million
and attained an experimental Q factor �Qexp� of approxi-
mately one million.13 We have analytically demonstrated that
the lower Qexp can be attributed to various structural imper-
fections in the fabricated cavities,14 which give rise to an
additional Q factor �Qloss�. Since then we have improved the
entire fabrication process and in 2007 we succeeded in fab-
ricating the silicon nanocavity with a Qexp of 2.5�106, the
highest reported so far in PC cavities.3 However, there is still
a large discrepancy between Qideal and Qexp due to the per-
sisting Qloss.

In line with the developments in high-Q nanocavity re-
search described above, we suspect the main origins of Qloss
in our current samples to be nanometer-scale variations in
the radii and positions of the air holes composing the nano-
cavity, which would be inevitable due to the technical limits
of the semiconductor process. Because 2D-PC devices oper-
ate on the basis of the periodic refractive index change by the
air holes, these two types of imperfections can have signifi-
cant effect on various optical properties for the nanocavities.
The reduction in Q by these imperfections was estimated in
our previous analyses based on a simple model which as-
sumes that the effect of each air hole imperfection has an
independent effect on the Qloss.

14 In fact there must be inter-

actions between imperfections of air holes and thus, more
accurate estimation using realistic fluctuation patterns based
on three-dimensional �3D� finite difference time domain
�FDTD� calculation was required. We used some such calcu-
lation results in Ref. 3, however the details of the numerical
analysis, the mechanism for the reduction of Q, and the ef-
fects on other optical properties were not reported.

In this paper, we report on the influence of the nanometer-
scale variations in the air holes’ radii and positions on optical
characteristics for high-Q nanocavity with a two-step hetero-
structure. We performed 3D FDTD calculations for the het-
erostructure nanocavity in which the radii and positions of all
air holes were independently varied at random, such that the
probability of the variations followed a normal distribution.
The reduction in the Q factor, the shift of the resonant wave-
length, the change in the near-field image, and the deviation
of the polarization properties induced by the variations are
investigated using 26 fluctuation patterns. The variations
with a standard deviation of as little as 1 nm produce visible
deterioration, whose magnitude is strongly dependent on the
fluctuation patterns. From calculations where the region of
the air holes with variations is restricted, we determine that
the accuracy of the 50 air holes nearest to the nanocavity is
the most significant for preventing the deterioration.

II. CALCULATION METHOD

Figure 1�a� shows the schematic of the nanocavity struc-
ture studied in this work. This nanocavity is based on a 2D
PC slab with a triangular lattice of circular air holes and a
line-defect waveguide formed by a row of missing air holes.
The structural parameters used in the calculation are as fol-
lows: the slab thickness is 250 nm, the air holes’ radii �r� are
115 nm, the main lattice constant �a1� is 410 nm, and the
refractive index is 3.4 for the slab �silicon�. The lattice con-
stant in the x direction increases by 5 nm every two periods
as it approaches the center of the cavity to form heterostruc-
ture nanocavity, while the lattice constant in the y direction is
the same in all regions. This type of nanocavity can realize
gradual optical confinement by utilizing the mode gap differ-
ences and therefore, the value of Qideal for this nanocavity
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can exceed ten million while still maintaining a small modal
volume.2 However in actuality, the air holes’ radii and posi-
tions in the fabricated nanocavities must vary from the origi-
nal design in the nanometer scale. Its influence on the optical
characteristics can be examined by 3D FDTD calculation
including these variations.

Figures 1�b� and 1�c� clearly illustrate the two variations
considered here; the ideal values of the air hole’s radius and
position are represented by r and �x ,y�, while the corre-
sponding variations are denoted by �r, and ��x ,�y� �varia-
tion in the slab thickness �z is not considered here�. We
assume that these three variations are introduced at random
to all air holes in the fabricated samples, such that the prob-
ability of each variation follows a normal distribution with a
standard deviation ���. Such variations were brought into the
structure for 3D FDTD using the Mersenne Twister method15

and the Box Muller method.16 The former creates the random
real numbers between 0 and 1, and the latter converts them
into the numbers which fulfill the normal distribution with an
arbitrary � �nanometers�. Correlation within and between the
fluctuation patterns can be ignored due to the good quality of
the random number sequences created by the Mersenne
Twister method. In addition, we can independently change
the magnitudes of variations for the same fluctuation pattern
by changing � in the latter process.

The sizes of a unit cell in 3D FDTD algorithm are set as
42 nm in the x direction, 45.5 nm in y, and 42 nm in z,
respectively. These lengths are about one-tenth of the lattice
constant, which means that the electromagnetic waves with a
wave number �k� greater than 10� �2� /a� are excluded from
the calculation. The main components of the nanocavity
electromagnetic field are located below k=2� /a as will be
shown in Fig. 4 so this cutoff is sufficiently high. The dielec-
tric constant ��� of each FDTD cell is determined by the
over-sampling method: first, the distribution of � for the

structure is prepared for microcells whose lengths are 1/20 of
the FDTD cell in each direction. Next, the � of each FDTD
cell is determined by averaging the values of the microcells
within the FDTD cell. In this method, subnanometer varia-
tions in air holes are properly reflected in the distribution of
� used in the calculation within the limit of the cutoff wave
number described above. Figure 1�d� shows an example of
the difference of the dielectric constant between the ideal
structure and a fluctuation pattern where only the air holes’
positions are randomly varied with �=1 nm. The cells
where the � increases and decreases are colored . It is appar-
ent that even with �=1 nm, the variations are reflected into
the calculation.

The total calculation area is set as 48a2 in the x direction,
35a2 in y, and 13a2 in z, respectively. The nanocavity shown
in Fig. 1�a� is located at the center of the area. The region
where air holes are varied is 32a2 in the x direction and 24a2
in y as shown in Fig. 1�d�. The perfectly matched layer
�PML� is located at the edge of calculation area, which ab-
sorbs light leaving the calculated region without the reflec-
tion. The distance from the nanocavity to the edge of PML is
19a2 in the x direction, 15a2 in y, and 4.5a2 in z, respectively.
We confirmed that the PML was sufficiently far from the
cavity so that the PML did not affect the nanocavity mode.
We excited the nanocavity mode by a Gaussian pulse of the
magnetic field in the z direction �Hz� with pulse width of
0.0005� �c /a2�. The time period of calculation step is 0.07
fs �a2 /20c�. The total calculation steps are 80 000
�4000a2 /c�, which is long enough to avoid the influence of
the excitation pulse. We calculated the Q factor for the nano-
cavity from the time decay of the pointing vector passing
through an observation plane surrounding the cavity and the
resonant wavelength of the nanocavity was calculated by
Fourier transform of the time change in Hz at the center of
the cavity. In the case of �r=�x=�y=0, the Q factor �Qideal�
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FIG. 1. �Color online� �a� Schematic of the nanocavity with a two-step heterostructure. The lattice constants a1, a2�, and a2 are 410, 415,
and 420 nm, respectively. The slab thickness and air holes’ radii are 250 and 115 nm. �b�, �c� Schematic view of the variation in an air hole’s
radius and in an air hole’s position. �r, �x, and �y represent the variations. �d� The difference of the dielectric constant from the ideal
structure in a fluctuation pattern for the air holes’ position with �=1 nm. The dielectric constants of the slab and air are normalized as 1 and
0.
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is calculated to be 1.5�107 and the resonant wavelength is
1589.28 nm.

We carried out the calculation in three fluctuation cases:
only variation in hole radius �r, only variation in hole posi-
tion ��x ,�y�, and with both variations. Based on the accu-
racy of our current fabrication process, the target value of �
was set between 0.5 and 3.5 nm. Because the value of Q
depends on the fluctuation patterns, we performed the calcu-
lation for three fluctuation cases with 26 different fluctuation
patterns each.

III. CALCULATION RESULTS AND DISCUSSION

A. Cases with either the air holes’ radii or positions varied
with �=1 nm

Figure 2�a� presents the calculated Q factors �Qfluc_r� of
the nanocavity for different 26 fluctuation patterns denoted
by a–z, in which the air holes’ radii are randomly varied
with �=1 nm. It is obvious that Qfluc_r all decrease signifi-
cantly from the Qideal of 1.5�107 and are strongly dependent
on the fluctuation patterns. We can define an additional Q
factor due to the fluctuation of air holes’ radii as Qloss_fluc_r
where the relationship is given by

1

Qfluc_r
=

1

Qideal
+

1

Qloss_fluc_r
. �1�

Figure 2�b� displays the corresponding 1 /Qloss_fluc_r for 26
patterns. The 1 /Qloss_fluc_r indicates the optical loss of the
nanocavity due to the fluctuation of air holes’ radii. The av-
erage of 1 /Qloss_fluc_r is 4.37�10−7 �solid line� and the stan-
dard deviation ��� is 1.83�10−7 �dashed lines�. It is noted
that the standard error of 3.36�10−8 arises from the finite
number of the fluctuation patterns. In this paper, we define
the Q factor determined from the Qideal and the average of
1 /Qloss_fluc_r as the expectation value of Qfluc_r. Then, the
expectation value of Qfluc_r with the air holes’ variation of
�=1 nm is evaluated to be 1.99�106. The minimum and
maximum Qfluc_r within the � are 1.46�106 and 3.12�106,
respectively.

Figure 3�a� shows the Qfluc_p for 26 fluctuation patterns
a�–z�, in which air holes’ positions are randomly varied with
�=1 nm. These fluctuation patterns are different from those
used in Fig. 2. The Qfluc_p are also reduced significantly and
are also strongly dependent on the fluctuation patterns. We
similarly define an additional Q factor due to the variation of
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FIG. 2. �Color online� �a� The Q factors of the nanocavity for 26
fluctuation patterns a–z, in which air holes’ radii are varied with
�=1 nm. �b� The optical losses due to the variation of air hole
radius for 26 patterns. The solid �dashed� line indicates the average
of losses �the average ���.
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FIG. 3. �Color online� �a� The Q factors for 26 fluctuation pat-
terns a�–z�, in which air holes’ positions are varied with �
=1 nm. �b� The optical losses due to the variation in air hole posi-
tion for 26 patterns. The solid �dashed� line indicates the average of
losses �the average ���.
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air holes’ positions as Qloss_fluc_p where the relationship is
given by

1

Qfluc_p
=

1

Qideal
+

1

Qloss_fluc_p
. �2�

Figure 3�b� shows the 1 /Qloss_fluc_p for the 26 patterns, in
which the average of 1 /Qloss_fluc_p is 3.61�10−7 and the � is
1.67�10−7. These values are comparable with those esti-
mated in Fig. 2�b�. The expectation value of Qfluc_p is 2.34
�106, and the minimum and maximum Qfluc_r within the �
are 1.68�106 and 3.84�106, respectively.

The electric-field distributions of nanocavity modes with
and without variations are compared in Fig. 4, where the left
column corresponds to the ideal structure ��=0 nm�, the
middle column corresponds to the fluctuation pattern z used
in Fig. 2 ��=1 nm�, and the right column corresponds to the
fluctuation pattern z� used in Fig. 3 ��=1 nm�. Figures
4�a�–4�c� show the normalized electric-field distributions of
y component, Ey, on the slab surface at the end of the calcu-
lation, that represent the nanocavity modes. Figures
4�d�–4�f� are the absolute value of the spatial Fourier trans-
form of Ey in Figs. 4�a�–4�c�, where the white circles repre-
sent the light cone which denotes the boundary in k space at
side of which the total reflection condition between the slab
and the air is satisfied. The quantity of component in the light
cone defines the Q factor of the nanocavity. Figures 4�g�–4�i�
are the magnified views around the light cone denoted by the
dashed line in Figs. 4�d�–4�f�. We can see that the electric-
field distribution and the main components in k space for the
nanocavity mode are hardly deformed by the nanometer-
scale variations. However, it is also clear that the compo-
nents within the light cone increase due to the variations.
This increase could be interpreted as the scattering of the
original components into the light cone due to the variations.
The probability for scattering into the light cone could

strongly depends on the fluctuation pattern, and thus, the Q
factors naturally change randomly as shown in Figs. 2�a� and
3�a�. It is clearly demonstrated in Figs. 2–4 that both varia-
tions in air holes’ radii and positions significantly reduce the
Q factor of the heterostructure nanocavity even when the � is
as small as 1 nm.

B. Cases when the air holes’ radii and positions are varied
simultaneously with �=1 nm

Figure 5�a� shows the 1 /Qloss_fluc_r+p for 26 fluctuation
patterns A–Z where both the air holes’ radii and positions are
varied simultaneously with �=1 nm. The patterns A–Z are
the sum of the patterns used in Figs. 2 and 3; A=a+a�, Z
=z+z�. The average of 1 /Qloss_fluc_r+p is 7.61�10−7 and the
� is 3.57�10−7. These values are close to the sum of those
estimated in Figs. 2�b� and 3�b�. The expectation of Qfluc_r+p
is estimated to be 1.21�106 and the minimum and maxi-
mum Qfluc_r+p within the � are 8.44�105 and 2.12�106

from the relation,

1

Qfluc_r+p
=

1

Qideal
+

1

Qloss_fluc_r+p
. �3�

The influence of the variations on the resonant wave-
lengths, the near-field images, and the polarization properties
for the nanocavity are also investigated for the 26 patterns
A–Z. Figure 5�b� shows the resonant wavelengths for A–Z.
The resonant wavelength also fluctuate, however, there
seems to be no correlation to the reduction in Qfluc_r+p. This
is because the shift of the resonant wavelength is derived
from the change in the refractive index relative to the cavity
mode field distribution, which is different from the cause of
the reduction of Qfluc_r+p discussed in Fig. 4. The average of
the resonant wavelengths is 1589.21 nm and the � is 0.73
nm. The average value is close to the wavelength of 1589.28
nm for the ideal structure.
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Figures 5�c� and 5�d� show the near-field images of the
radiation from the nanocavity, assuming observation via an
objective lens with numerical aperture of 0.4. Figures 5�c�
and 5�d� correspond to the cases without the fluctuations and
with the fluctuation pattern H, respectively. The ideal struc-
ture has a single lobed spot while certain fluctuation patterns
create the multiple lobes, as in the example shown in Fig.
5�d�. About 60% of the 26 patterns had single lobed spots.

Figure 5�e� shows the polarization angles, at which the
transmittance through a linear polarizer is maximum, in the
images for 26 patterns. 0° corresponds to the x direction and
the polarization angle for Fig. 5�c� is 90°. It is shown that the
polarization angle also fluctuates, where the average angle is
96.1° and the � is 26.6°. Though not shown here, the polar-
ization linearity also fluctuates. The details of the analysis
method for spatial patterns and polarization properties in PC
nanocavities have been reported previously.17,18

It is noted that the expectation of Qfluc_r+p and the maxi-
mum Qfluc_r+p within the � estimated from Fig. 5�a� corre-
spond closely to recent experimental results of nanocavities
with a two-step heterostructure.3 Furthermore, the random
fluctuations of optical characteristics agree with the experi-
mental results for the nanocavities. The fluctuations of the
Qexp and the resonant wavelengths among the nanocavities
fabricated on the same chip have been reported in Ref. 3.
The random deteriorations of emission pattern and polariza-
tion linearity have been reported in Ref. 19. Therefore, both
variations in radius and position on the order of 1 nm cer-
tainly exist in current fabricated samples20 and are essential
components of Qloss.

It is important to consider the effect of the nanometer-
scale variations on other nanocavity designs. If the order of
the 1 /Qloss_fluc_r+p does not change in other nanocavities, the
influence is negligible for nanocavities with lower Qideal,
such as the L3 cavity �Qideal=5000�.1 Conversely, they could
be significant for high-Q nanocavities utilizing mode gap
confinement.21–24 Similar consideration would be applicable
for the characteristics of emission patterns and polarization
angles. In contrast, the shift of the resonant wavelength due
to these variations would occur equally in high-Q and
lower-Q nanocavities.25

C. Cases with different standard deviations of the variations

Figure 6�a� shows the dependence of optical loss
�1 /Qloss_fluc_r+p� on the magnitude of the variations ���. The
symbols in Fig. 6�a� show the values calculated by 3D FDTD
for the various � of 0.5, 1.0, 2.0, and 3.0 nm, where the
fluctuation patterns A–E are selected as examples. The
1 /Qloss_fluc_r+p reasonably increases for all patterns with in-
crease in �, which corresponds to the increase in the compo-
nents within the light cone shown in Fig. 4. The dashed lines
in Fig. 6�a� represent the fittings by using the quadratic func-
tions given by

1

Qloss_fluc_r+p
= Am�2, �4�

where m denotes the fluctuation patterns and Am is the coef-
ficient for each pattern. The fittings are in good agreement
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with the calculated data for all patterns. This agreement can
be explained theoretically as follows. In the calculation
model of Figs. 1�b� and 1�c�, the dielectric-constant change
���� due to the variations are proportional to � ���	�� for
both cases. It is well known that the optical scattering loss
for the waveguide is proportional to the square of the ��
�1 /Qloss	��2�.26,27 Since this mechanism could be applied
to the nanocavity, 1 /Qloss_fluc_r+p is proportional to the �2. By
substituting Eq. �4� into Eq. �3�, Qfluc_r+p for a certain fluc-
tuation pattern is obtained as a function of � as follows:

Qfluc_r+p =
1

1/Qideal + Am�2 . �5�

Because we can determine the Am for the data shown in Fig.
5�a� by applying Eq. �4�, the dependences of Qfluc_r+p on the
� can be obtained for the 26 patterns without carrying out the
simulation for individual �.

Figure 6�b� shows the dependence of the Qfluc_r+p on the �
in the 26 fluctuation patterns A–Z using Eq. �5�. The red
solid line indicates the expectation of Qfluc_r+p where the cor-
responding value of Am is 7.61�10−7. The red dashed lines
represent the standard deviation ��� where the corresponding
Am are 4.04�10−7 and 1.12�10−6. These data suggest the

prospect of enhancing the Qexp factor by the progress of pro-
cess techniques. If we can fabricate nanocavities with air
holes variations in �=0.5 nm �0.3 nm�, the average of the
Qexp will rise to about 3.9�106 �7.4�106� and Qexp greater
than 6.0�106 �1.0�107� will be obtained with a probability
of 10% from a normal distribution.

Figure 7�a� shows the resonant wavelengths for the vari-
ous � in fluctuation patterns A–E. The resonant wavelength
shift from 1589.28 nm ��=0 nm� is proportional to the in-
crease of �. It is well known that the shift of the resonant
wavelength is linear over the deviation of the refractive in-
dex averaged in the cavity mode field,28 which increases in
proportion to the � in our model. The dashed lines represent
the fittings using the following linear function:


 = Bm� + 1589.28, �6�

where 
 is the resonant wavelength in nanometers and Bm is
the coefficient for each fluctuation pattern. The fitting results
are in good agreement with the calculated results. We can
obtain Bm for the data shown in Fig. 5�b� and therefore, the
dependencies of the resonant wavelength on � are obtained
for the 26 patterns shown in Fig. 7�b�. The red solid line
indicates the average of the resonant wavelengths and the red
dashed lines represent the �. The average values are in good
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agreement with the original wavelength of 1589.28 nm. Be-
cause the fluctuation of the resonant wavelength of the nano-
cavity is a problem for various applications, research into
nanocavities with resonant wavelengths that are resistant to
these fluctuations will be needed.

If we experimentally investigate the Q factors and the
resonant wavelengths for many nanocavities with the same
structure, we could estimate the magnitude of the variations
in the fabricated samples from the comparison with Figs.
6�b� and 7�b�. This estimation will be important because the
subnanometer variations in the air holes for the fabricated
samples cannot be evaluated directly by conventional obser-
vation methods �scanning electron microscopy, atomic force
microscopy, optical microscopy, etc.�. If the value of �
evaluated from the average of Qexp was larger than that
evaluated from the � of the resonant wavelengths, it would
suggest that other factors are contributing to Qloss, such as
water on the sample surface14 or surface states.29

D. Cases when the air holes around the nanocavity are not
varied

Finally, we investigate which air holes are most respon-
sible for the reduction in Q factor when they fluctuate. Such
information would be useful for reducing the total time of
electron-beam lithography and for designing novel nanocav-
ity structures that are resistant to the variations. Figures
8�a�–8�d� show the calculation models in which the colored
air holes are not varied while the white holes fluctuate in
both position and radius with �=1 nm. The images super-
imposed on the figures indicate the squared electric-field dis-
tribution of �Ey�2. All air holes fluctuate at random in Fig.
8�a� and two, four, and six rows of air holes next to the line
defect are left unvaried in Figs. 8�b�–8�d�, respectively. The
four fluctuation patterns are used in calculating patterns, D,
E, O, and Z. The pattern D �O� corresponds to the case of the
lowest �highest� 1 /Qloss_fluc_r+p in Fig. 5�a�. Figure 8�e� pre-
sents the calculated results for each fluctuation case. The
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average of Qfluc_r+p abruptly increases in the case of Fig. 8�c�
and Qfluc_r+p exceeds 10 million for all patterns in the case of
Fig. 8�d�.

Figure 9 shows the calculation when the number of the air
holes with no variations increase in the x direction. Figures
9�a�–9�f� show the calculation models. The same fluctuation
patterns as Fig. 8 are used in this calculation. Figure 9�g�
presents the calculated results for each fluctuation case. The
Qfluc_r+p gradually increases with broadening of the region
where air holes have no variations and Qfluc_r+p exceeds ten
million for all patterns in case Fig. 9�f�. In Fig. 9�f�, 99% of
the nanocavity mode energy is contained in the region with
ideal air holes. It is clear from these calculations that the
variations in air holes nearest to the nanocavity are the most
significant in the reduction in Q. We confirmed that similar
relationships were obtained for the resonant wavelength, the
near-field image, and the polarization.

IV. SUMMARY

We have numerically investigated the influence of random
nanometer-scale variations of air holes’ radii and positions

on the optical characteristics of 2D PC nanocavities with
Qideal of 1.5�107. The reduction in Q factor, the shift of the
resonant wavelength, the change in the near-field image, and
the deviation of the polarization properties are brought about
by variations of as little as 1 nm. The magnitude of the
deterioration is strongly dependent on the fluctuation pat-
terns. From calculations where the region of the air holes
with the variations is restricted, we determine that the accu-
racy of the 50 air holes nearest to the nanocavity is the most
significant for preventing this deterioration and for achieving
higher-Qexp factors.
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